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Overview: variants of weighted limits in 2-categories
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The literature is rather silent about strict bilimits, while they are the most general.

Question: are they “unnecessary”, or do they have proper 
examples?

The literature



Main observation

“not covered by strict limits”

“not covered by bilimits”

Main



Part 1: Preliminaries

1. 2-categories (via enriched categories)
2. 2-functors (via enriched functors)
3. Strict, pseudo- and (op)lax natural transformations
4. Bicategories and some examples (← was asked about in a previous seminar)



1. Enriched categories – definition

From: Kelly (2005)

Let V be a monoidal category.



• V = Cat  => V-categories = 2-categories
• V = Set  => V-categories = categories
• V = 2Cat  => V-categories = 3-categories
• V = (𝑘-𝑀𝑜𝑑,⊗) => V-categories = k-linear categories

• k : a commutative ring

• V = Ch(A)  => V-categories = dg-categories
• A : a pre-additive category (:= Ab-enriched category)

• V = sSet  => V-categories = ‘simplicial categories’
• V = PreOrd => V-categories = preorder-enriched categories
• V = ({0,1},∧) => V-categories = preorders

1. Enriched categories – examples



2. Enriched functors – definition

Definition. A 2-functor is a Cat-functor.

From: Kelly (2005)



3. Enriched natural transformations – definition

Definition. A 2-natural transformation or strict natural transformation is a
Cat-natural transformation.

From: Kelly (2005)



3. (Op)lax, pseudo and strict natural transformations

+ compatibility axioms: ‘functoriality’ of 𝛼𝐴 in A and ‘naturality’ of 𝛼𝑓 in 𝑓. 

For oplax natural, reverse the direction of 𝛼𝑓.
For pseudo natural, require 𝛼𝑓 to be an isomorphism.
For strict natural, require 𝛼𝑓 to be identity. 

From: nLab



4. Bicategories (1) – Definition
From: Johnson and Yau (2021)



4. Bicategories (2) – Definition (cont’d) From: Johnson and Yau (2021)



6. Bicategories (3) – Proper examples
• BiMod, the bicategory of rings and bimodules

• Objects: Rings
• Arrows 𝑅 → 𝑆: R-S bimodules
• 2-cells: bimodule homomorphisms
• Composition: if M is a R-S bimodule and N is a S-T bimodule, then

𝑁 ∘ 𝑀 ≔ 𝑀 ⊗𝑆 𝑁

Note: The tensor product is not strictly associative, whence a bicategory.

• Π2 𝑋 , the fundamental bigroupoid of a topological space 𝑋
• Objects: points in X
• Arrows: paths
• 2-cells: homotopies between paths
Note: The usual ‘halving’ composition of paths is not strictly associative. 



Part 2: Strict bilimit and its proper examples

1. 2-representations vs birepresentations

2. Definitions of strict, pseudo, lax and oplax (bi)limits

• Formalism of weighted limits

• Examples

3. Strict (bi)limits subsume pseudo, lax and oplax (bi)limits

4. A class of strict bilimits ‘admitting’ another

5. Strict bilimits don’t admit biequalisers

6. There is a biequaliser that cannot be given as an equaliser.



1. 2-representations vs birepresentations (1)

Definition. Let 𝐶 be a category. A representation of a functor 𝐹: 𝐶 → 𝑆𝑒𝑡 consists 

of an object 𝑟 ∈ 𝐶 together with an isomorphism

𝜌: 𝐶 𝑟, − ≅ 𝐹

in the functor category [𝐶, 𝑆𝑒𝑡].

Example. Let 𝐴 and 𝐾 be categories. A limit of a functor (diagram) 𝑑: 𝐴 → 𝐾 is a 

representation of the functor

𝐾𝑜𝑝 → 𝑆𝑒𝑡: 𝑥 ↦ [𝐴, 𝐾](Δ𝑥 , 𝑑)



1.  2-representations vs birepresentations (2)

Beware: two changes from a 2-representation!



2.  Definitions of strict/pseudo/lax/oplax (bi)limit
Let A and K be 2-categories, and let W: A → Cat and d: A → K be 2-functors.

Definition (in words). Let foo = strict, pseudo, lax or oplax. 

• A W-weighted foo limit of d is a 2-representation for the Cat-valued 
contravariant 2-functor on K of W-weighted foo cones on d.

• A W-weighted foo bilimit of d is a birepresentation for the Cat-valued 
contravariant 2-functor on K of W-weighted foo cones on d.

More precisely (strict bilimit):



2α. Explaining the formalism of a weighted cone

A : ‘diagram shape’; a 2-category

∋ cells that index the constituents of a diagram

d : 2-functor that projects the diagram shape into the target 2-category

𝑊(•) : ‘leg shape’ (at •); a category

𝑊 → : a functor; maps constituents from one leg shape to those from another

𝑊(⇓) : a natural transformation – for each object in the domain leg shape, an 
arrow in the codomain leg shape

𝛾• : ‘leg’ at •; a functor that projects the leg shape into the target 2-category

A,K : 2-categories     W: A -> Cat     d: A -> K       𝛾:  𝑊 ⇒ 𝐾(−, 𝑑−)

N.B. objects in the leg shape ↦ 1-cells, arrows ↦ 2-cells.



2β. Examples of 2-dimensional limits
• Conical limits   [(conical) strict limits]     [slide]
• Inserters    [non-conical strict limit]    [new slide]
• Equifiers    [non-conical strict limit]    [new slide]
• Pseudopullbacks  [(conical) pseudolimit]     [BB]
• Grothendieck construction [(conical) oplax colimit]

• The Grothendieck construction on a pseudofunctor F: C → Cat is equivalently 
the oplax colimit of F.

• Indiscrete cats in 𝑀𝑜𝑛𝐶𝑎𝑡𝑝 [foo bicolimit but not foo colimit]
• 𝑀𝑜𝑛𝐶𝑎𝑡𝑝 has no initial object: there are always at least two strong monoidal 

functors into 𝐼𝑠𝑜, the walking isomorphism.
• Easy: 1 is a bi-initial object in 𝑀𝑜𝑛𝐶𝑎𝑡𝑝.
• Objects equivalent to 1 in 𝑀𝑜𝑛𝐶𝑎𝑡𝑝 are precisely the indiscrete categories.



Conical limits. For 𝑊 = Δ1, we have

𝐴, 𝐶𝑎𝑡 𝑠,𝑠 𝑊, 𝐾(𝑥, 𝑑−) = 𝐴, 𝐶𝑎𝑡 𝑠,𝑠 Δ_1, 𝐾(𝑥, 𝑑−) ≅ 𝐴, 𝐾 𝑠,𝑠(Δ𝑥 , 𝑑)

Thus a Δ1-weighted strict limit of d is precisely a ‘conical limit’ of d.



Inserters
Idea. An inserter is a 2-universal 1-cell the precomposition with which 
“inserts” a 2-cell between a pair of parallel 2-cells.

• So an inserter cone is a lax version of an equaliser cone.

Definition.
•

• 𝑊 0 = 1   because this leg is just a single arrow
• 𝑊 1 = {⋅ → ⋅}

• 𝑊 rest = obvious

Example in 𝑪𝒂𝒕. Let 𝐹, 𝐺: 𝐶 → 𝐷 be functors. The inserter of 𝐹 and 𝐺 is 
given by the category whose objects are pairs (𝑐, 𝑏) where 𝑐 ∈ 𝐶0 and 
𝑏: 𝐹 𝑐 → 𝐺 𝑐 , and whose arrows 𝑐, 𝑏 → 𝑐′, 𝑏′  are arrows 𝑎: 𝑐 → 𝑐′ 

in 𝐶 such that 𝐺 𝑎 ∘ 𝑏 = 𝑏′ ∘ 𝐹(𝑎).



Equifiers
Idea. An equifier is a 2-universal 1-cell the precomposition with which 
identifies a pair of parallel 2-cells.

• Just like an equaliser (in our 2-dimensional context) is a 2-universal 1-cell the 
precomposition with which identifies a pair of parallel 1-cells.

Definition.
•

• 𝑊 0 = 1   because this leg is just a single arrow
• 𝑊 1 = {⋅ → ⋅}

• 𝑊 rest = obvious

Example in 𝑪𝒂𝒕. Let 𝜃, 𝜁: 𝐹 ⇒ 𝐺: 𝐶 → 𝐷 be natural transformations. The 
equifier of 𝜃 and 𝜁 is the full subcategory of 𝐶 consisting of those objects 
𝑐 for which 𝜃𝑐 = 𝜁𝑐.



3.  Strict (bi)limits subsume pseudo, lax and oplax (bi)limits

“Two-dimensional monad theory” “Flexible limits for 2-categories”

What follows: deduce from this that strict bilimits subsume pseudo, lax and 

oplax bilimits.

Will use this as a black box





Corollary (abridged). There is an isomorphism of categories

Remark. We can substitute ‘p’ with ‘s’ and ‘eqv’ with ‘iso’ above, and obtain 
that that strict limits subsume pseudo, lax and oplax limits.

Remark. Pseudo(bi)limits subsume lax and oplax (bi)limits, by an analogous 

mechanism (details in the post).



4.  A class of strict bilimits ‘admitting’ another

Definition. We say 𝒱 (weakly) admits 𝒲 as classes of strict limits if every 
2-category that has strict limits of type 𝒱 admits strict limits of type 𝒲.

We say 𝒱 (weakly) admits 𝒲 as classes of strict bilimits if every 2-category 
that has strict bilimits of type 𝒱 admits strict bilimits of type 𝒲.

Example (Bird et al. 1989, Proposition 2.1).  Products, inserters and equifiers 
admit (as strict limits) all pseudo, lax and oplax limits.

Let 𝒱, 𝒲 be classes of weights, that is, pairs 𝐴, 𝑊  where 𝐴 is a 2-category 
and 𝑊: 𝐴 → 𝐶𝑎𝑡 is a 2-functor.

Inclusion between such classes is not a desirable way to capture the idea 
that one class of strict bilimits ‘covers’ another, since a larger class of strict 
bilimits may be constructed from a smaller class of strict bilimits.



5.  Pseudobilimits don’t admit strict bilimits





6.  There is a biequaliser that cannot be given as an 
equaliser.

We will now prove the ‘main observation’:

“not covered by strict limits”

“not covered by bilimits”

Main

Namely, a 2-category 𝐾′ will be constructed from a given 2-category 𝐾 that 

(for suitable choices of 𝐾) has no equalisers but has biequalisers.









From: Johnson and Yau (2021)



(there is in fact an isomorphism of categories)

(★)

(Below essentially
proves that
a biequivalence
lifts bilimits)

cones on ud’ in K
with vertex x



cones on ud’ in K
with vertex ux’

cones on d’ in K’
with vertex x

Proof of (★).



(Succinctly: no cone
of this diagram is
‘monic’.)



Proof.



Proof.



“not covered by strict limits”

“not covered by bilimits”

Main

Proof. By item 2. of the Corollary, if K is any inhabited 2-category having strict equalisers,
then K’ gives an example: we have seen that K’ has a parallel pair of arrows [= diagram d]
• that has a strict biequaliser [fulfilling 1.],
• but has no strict equaliser [fulfilling 2.];
• moreover, we know strict biequalisers are not weakly admitted by bilimits [fulfilling 3.].

For concrete examples, we can take:
• K := 1, which is inhabited and evidently has all strict limits, in particular strict equalisers.
• K := Cat, which is inhabited and known also to have all strict limits.  ∎



• John Bourke told me at CT2024 that Bourke, Lack and Vokřínek (2023), 
“Adjoint functor theorems for homotopically enriched categories” 
considers ‘E-weak coequalisers’ for E the class of surjective equivalences in 
Cat: they are coequalisers whose universal property is given in terms of 
surjective equivalences of categories, hence should be proper examples of 
strict bi(co)limits.



Thank you!

The underlying materials and references are available in the post
“Strict bilimit and its proper examples” on sorilee.github.io

https://sorilee.github.io/
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